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ABSTRACT. We prove a generalization of Fulton's conjecture which relates intersection theory on 
an arbitrary flag variety to invariant theory. 

1. Introduction 

1.1. The context of Fulton's original conjecture. Let L be a connected reductive complex al- 
gebraic group with a Borel subgroup B L and maximal torus He B L . The set of isomorphism 
classes of finite dimensional irreducible representations of L are parametrized by the set X(H) + of 
L-dominant characters of H via the highest weight. For A E X(H) + , let V(\) = Vl(A) be the cor- 
responding irreducible representation of L with highest weight A. Define the Littlewood-Richardson 
coefficients c v X il by: 

V 

The following result was conjectured by Fulton and proved by Knutson-Tao-Woodward [KTW]. 
(Subsequently, geometric proofs were given by Belkale [B 2 ] and Ressayre [R2].) 

Theorem 1.1. Let L = GL(r) and let e X(H) + . Then, if c v Xil = 1, we have c™£ = I for 

every positive integer n. 

(Conversely, if ' = 1 for some positive integer n, then = 1. This follows from the 

saturation theorem of Knutson-Tao.) 

Replacing V(v) by the dual V{v)*, the above theorem is equivalent to the following: 

Theorem 1.2. Let L = GL(r) and let \,y,,v e X{H) + . Then, if[V(X) ® V(p) ® V(u)} SL ^ = I, 
we have [V(n\) V{n^i) ® V(nu)] SL ^ = 1, for every positive integer n. 

The direct generalization of the above theorem for an arbitrary reductive L is false (see Exam- 
ple (83^3)). It is also known that the saturation theorem fails for arbitrary reductive groups. It is a 
challenge to find an appropriate version of the above result for GL(r) which holds in the setting of 
general reductive groups. 

The aim of this paper is to achieve one such generalization. This generalization is a relationship 
between the intersection theory of homogeneous spaces and the invariant theory. To obtain this 
generalization, we must first reinterpret the above result for GL(r) as follows. 

Without loss of generality, we only consider the irreducible polynomial representations of GL(r). 
These are parametrized by the sequences A = (Ai>A 2 >--->A r >0), where we view any such 
A as the dominant character diag(ti, . . . , t r ) H- t^ 1 . . . t$ r of the standard maximal torus consisting 
of the diagonal matrices in GL(r). Let ^J(r) be the set of such sequences (also called Young 
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diagrams or partitions) A = (Ai > A2 > • • • > A r > 0) and let ^3fc(r) be the subset of ^3(r) 
consisting of those partitions A such that Ai < k. Then, the Schubert cells in the Grassmannian 
Gr(r, r + k) of r-planes in C r+h are parametrized by ^Jfe(r) (cf. [F 2 , §9.4]). For A G ^Pfc(r), let 
a\ be the corresponding Schubert cell and o\ its closure. By a classical theorem (cf. loc. cit.), 
the structure constants for the intersection product in H*(Gr(r, r + k), Z) in the basis [<r A ] coincide 
with the corresponding Littlewood-Richardson coefficients for the representations of GL(r). Thus, 
the above theorem can be reinterpreted as follows: 

Theorem 1.3. Let L = GL(r) and let G tyk ( r ) (far some k > 1) be such that the intersection 

product 

N ■ K] ■ [*»] = [ex*] inH*(Gr(r,r+ k),Z), 

where A° := (k > ■ ■ ■ > k) (r copies ofk). Then, [V(nX) V(np) \/(n^)] SL ^ = 1, far every 
positive integer n. 

1.2. Generalization for arbitrary groups. Our generalization of Fulton's conjecture to an arbi- 
trary reductive group is by considering its equivalent formulation in Theorem 11.31 Moreover, the 
generalization replaces the intersection theory of the Grassmannians by the deformed product 0o 
in the cohomology of G/P introduced in HBKH . The role of the representation theory of SL(r) is 
replaced by the representation theory of the semisimple part L ss of the Levi subgroup L of P. 

To be more precise, let G be a connected reductive complex algebraic group with a Borel sub- 
group B and a maximal torus H C B. Let P D B be a (standard) parabolic subgroup of G. Let 
L D H be the Levi subgroup of P, B L the Borel subgroup of L and L ss = [L, L] the semisimple 
part of L. Let W be the Weyl group of G, Wp the Weyl group of P, and let W p be the set of mini- 
mal length coset representatives in W/Wp. For any w G W p , let X w be the corresponding Schubert 
variety and [X w ] G H 2( - dimG / p ~ i( > w ^(G/P,Z) the corresponding Poincare dual class (cf. Section 
2). Also, recall the definition of the deformed product © in the singular cohomology H*(G/P, Z) 
from [BK, Definition 18]. The following is our main theorem (cf. Theorem 18. 21 ). 

Theorem 1.4. Let G be any connected reductive group and let P be any standard parabolic sub- 
group. Then, far any w\ , . . . , w s G W p such that 

(1) [X W1 ] 0o • • • 0o [X Ws ] = [X e ] G H*(G/P), 
we have, for every positive integer n, 

(2) dim([V L (n Xwi )®---®V L (n Xws )} LSS ) = 1, 

where Vl(X) is the irreducible representation of L with highest weight A and Xw is defined by the 
identity (fT6l) . 

Remark 1.5. Let M. be the GIT quotient of (L/B L ) S by the diagonal action of L ss linearized by 
C(Xwi) Kl • • • Kl C(xw s )- Then, the conclusion of Theorem |1.4| is equivalent to the rigidity statement 
that Ai = point. Theorem 11.41 can therefore be interpeted as the statement "multiplicity one in 
intersection theory leads to rigidity in representation theory". 

Our proof builds upon and further develops the connection between the deformed product O and 
the representation theory of the Levi subgroup as established in [BK]. In loc. cit., for any w G W p , 
the line bundle Cp(xw) on P/Bl was constructed (see Section [6] for the definitions). Further, the 
following result was proved in there (cf. [BK, Corollary 8 and Theorem 15]). 
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Proposition 1.6. Let w\,...,w s £ W p be such that 

[X W1 ] 0o • ■ ■ ©o [X Ws ] = d[X e ] e H*{G/P), for some 0. 
Then, m := dim(H°((L/B L y, {C P ( Xwi ) B • • ■ E C P ( Xwe )) \ {l , BlY ) L ") + 0. 

Note that, by the Borel-Weil theorem, for any w £ W p , H°(L/B L , Cp(Xw)\(l/b l )) = V L {Xw)*- 
The condition CO can be translated into the statement that a certain map of parameter spaces X — > 
Y = {G / B) s appearing in Kleiman's theorem is birational. Here X is the "universal intersection" of 
Schubert varieties. It is well known that, for any birational map X — > Y between smooth projective 
varieties, no multiple of the ramification divisor R in X can move even infmitesimaHy (i.e., the 
corresponding Hilbert scheme is reduced, and of dimension at nR for every positive integer n). 
We may therefore conclude that h°(X, 0(nR)) = 1 for every positive integer n. In our situation, 
X is not smooth, and moreover H°(X, 0(nR)) needs to be connected to the invariant theory. We 
overcome these difficulties by taking a closer look at the codimension one boundary of Schubert 
varieties. 

The proof also brings into focus the largest (standard) parabolic subgroup Q w acting on a Schu- 
bert variety X w C G/P (where w £ W p ), the open Q w orbit Y w C X w and the smooth locus 
Z w C X w . The difference X w \ Z w is of codimension at least two in X w (since X w is normal) and 
can effectively be ignored. 

The varieties Y w give us the link to invariant theory (see Proposition [6]2]). The difference Z w \ Y w 
turns out to be quite subtle. A key result in the paper is that, in the setting of Proposition 16.21 
the intersection n^Z^ of translates is non-transverse 'essentially' at any point which lies in 
(^i^j9iZ w ^ Pi gj(Z Wj \ Y w .) for some j (cf. Proposition 18.11 for a precise statement). This re- 
veals the significance of Q w in the intersection theory of G/P and, in particular, to the deformed 
product O . The "complexity" of the varieties Z w \ Y w can therefore be expected to relate to the 
deformed product ©o. Note that by a result of Brion-Polo HBPL if P is a cominuscule maximal par- 
abolic subgroup, then Y w = Z w , and in this case the deformed cohomology product O coincides 
with the standard intersection product as well (cf. [BK, Lemma 19]). 

As mentioned above, for any cominuscule flag variety G/P (in particular, for the Grassmanni- 
ans Gr(r, r + k)), the deformed product O in H*(G/P) coincides with the standard intersection 
product. In the case of G = GL(r + k) and G/P = Gr(r, r + k), the set W p can be identified 
with ^Pfc(r). For any A £ W p , the corresponding irreducible representation of the Levi subgroup 
L = GL(r) x GL(fc) with the highest weight xx coincides with V(\)*MV(\) (cf. [B x ]), where V(X) 
is the irreducible representation of GL(r) as defined in Section [TTT1 and A is the conjugate partition 
giving rise to the irreducible representation V(X) of GL(k). Thus, if we specialize Theorem II .41 to 
G = GL(r + k), we get Theorem O 

Observe that in the case G = GL(r + k) and G/P = Gr(r, r + k), under the assumption of 
Proposition II .61 from the above discussion and the discussion in Section 1.1, we get the stronger 
relation m = d 2 . In general, however, there are no known numerical relations between m and d (cf. 
Examples 18.3b . 

We remark that if we replace the condition (OQ) in Theorem 11.41 by the standard cohomology 
product, then the conclusion of the theorem is false in general (see Example 18.31 4)). Also, the 
converse to Theorem 1 1.41 is not true in general (cf. Example l8.3IT )). 



4 



PRAKASH BELKALE, SHRAWAN KUMAR, AND NICOLAS RESSAYRE 



2. Notation 

Let G be a connected reductive complex algebraic group. We choose a Borel subgroup B and 
a maximal torus H C B and let W = Wq '■— N G (H)/H be the associated Weyl group, where 
Ng(H) is the normalizer of H in G. Let P 3 5 be a (standard) parabolic subgroup of G and 
let U = Up be its unipotent radical. Consider the Levi subgroup L = L P of P containing H, so 
that P is the semi-direct product of U and L. Then, B L := B D L is a Borel subgroup of L. Let 
X(H) denote the character group of H, i.e., the group of all the algebraic group morphisms H — > 
G m . Then, B L being the semidirect product of its commutator [B L , B L ] and H, any A £ X(H) 
extends uniquely to a character of P^. We denote the Lie algebras of C7, P, P, P, P, L, B L by the 
corresponding Gothic characters: g, b, b, p, u, [, bi respectively. Let R = R 3 be the set of roots of g 
with respect to the Cartan subalgebra t) and let R + be the set of positive roots (i.e., the set of roots 
of b). Similarly, let R[ be the set of roots of I with respect to t) and be the set of roots of bi- Let 
A = {«!, . . . , at} C R + be the set of simple roots, where I is the semisimple rank of G (i.e., the 
dimension of h' := b fl [g, g]). We denote by A(P) the set of simple roots contained in R t . For any 
1 < i < 4 define the element Xj £ b/ by 

(3) ai(a^) = Si,j, V 1 < i < I. 

Recall that if W P is the Weyl group of P (which is, by definition, the Weyl Group W L of L; thus 
Wp := Wl), then in each coset of W/Wp we have a unique member w of minimal length. This 
satisfies (cf. [K, Exercise 1.3.E]): 

(4) wB L w~ l C P. 

Let be the set of minimal length representatives in the cosets of W/W P . 
For any w £ W p , define the Schubert cell: 

C w = C?:= BwP/P C G/P. 

Then, it is a locally-closed subvariety of G/P isomorphic to the affine space A^ w ',£(w) being the 
length of w (cf. [J, Part EE, Chapter 13]). Its closure is denoted by X w = X^, which is an irreducible 
(projective) subvariety of G/P of dimension £(w). We denote the point wP £ C w by w. 
We also need the shifted Schubert cell: 

A w = A? ■= w^BwP/P C G/P. 

Let fi(X w ) denote the fundamental class of X w considered as an element of the singular ho- 
mology with integral coefficients H2i( w )(G/P, Z) of G/P. Then, from the Bruhat decomposition, 
the elements {^(X w )} weW p form a Z-basis of H*(G/P, Z). Let {[^]} we vy p be the Poincare 
dual basis of the singular cohomology with integral coefficients H*(G/ P,Z). Thus, [X w ] £ 
# 2 ( dimG / p -^))(G/P,Z). 

The tangent space T p = Te(G/P) of G/P at e £ G/P carries a canonical action of P induced 
from the left multiplication of P on G/P. 

We recall the following definition from [BK, Definition 4]. 

Definition 2.1. Fix a positive integer s > 1. Let Wi,...,w s £ W p be such that 

s 

(5) ^ codim A Wj = dim G/P. 

3=1 
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This of course is equivalent to the condition: 

s 

(6) ^ w i) = ( s ~ 1 ) dimC7/P. 

We then call the s-tuple (wi, . . . , w s ) Levi-movable (for short L-movable) if for generic . . . ,l s ) G 
L s , the intersection hA Wl D • • • fl l s A Ws is transverse at e. 

All the schemes are considered over the base field of complex numbers C. The varieties are 
reduced (but not necessarily irreducible) schemes. 



3. A CRUCIAL GEOMETRIC RESULT 

Let tx : X — > Y be a regular birational morphism of smooth irreducible varieties with Y projec- 
tive. Assume that we have a (not necessarily smooth) irreducible projective scheme X containing 
X as an open subscheme such that 

(1) the codimension of each irreducible component of X \ X in X is at least two, 

(2) tx extends to a regular map tx : X — > Y. 

Let R be the ramification divisor of tx in X. It is, by definition, the effective Cartier divisor obtained 
as the zero scheme of the section of the line bundle £ induced by the derivative map Dtx x : T X (X) — > 
T n ( x )(Y), where the line bundle £ has base X and fiber Q x at any x G X is given by: 

£* = A top (T x (XY) ® A^(T Ax) (Y)). 

In the above set up, one has the following crucial result. 

Proposition 3.1. For every n > 1, h°(X, 0(nR)) = 1, where h° denotes the dimension ofH°. 

Proof. Clearly tt\x\r ■ X\R — > Y is an etale (and hence quasi-finite) birational morphism between 
smooth varieties. Hence, by the original form of Zariski's main theorem [M, Chap. Ill, §9], it is an 
open immersion, i.e., ir(X \ R) is open in Y and n : X \ R — > tt(X \ R) is an isomorphism. We 
will show that V := Y \ ix(X \ R) is of codimension at least two in Y . This will then imply that 

H°(X, 0{nR)) C H\X \R,0) = H°(Y \ V, O) = H°(Y, O) = C. 

Since tt is surjective, a point v G V is either in tt(X\X), or in ir(R), i.e., V C tt(X\X) Uir(R). 
We show that ix(R) is of codimension at least two in Y and thus conclude the proof (by assumption 
(D). 

To do this let Z be the smallest closed subset of Y so that there exists a morphism a : Y \ Z — > X 
representing the birational inverse to tx. It is known that the codimension of Z in Y is at least two 
(follow [H, Proof of Theorem 8.19 on page 181]). Clearly, 7roa = I onY\Z and similarly a o tx is 
identity on it~ l (Y \ Z) (for the last, note that a o tx is well defined as a morphism 7f _1 (Y \ Z) — >■ X 
which on an open subset is the identity). We therefore find that tx : tx~ x {Y \ Z) — > Y \ Z is an 
isomorphism. 

This tells us that tx~ 1 (Y\Z) is smooth and tx ~ l (Y \ Z) n R = 0. Hence, R is a subset of tt" 1 (Z) , 
or that tx(R) C Z. □ 
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4. Some remarks on ramification divisors 
Consider a linear map p : V — > W between vector spaces of the same dimension. Let 

Det(p) := (A top V)* ® A to W = Hom(A top ^, A toI W). 

Denote by 9(p) the canonical element of Det(p) induced by p, i.e., 9(p) is the top exterior power of 
p. The following lemma is immediate. 

Lemma 4.1. Le? p : V — > W be as above and a : W — > W a surjective map. Let V C V ffi W 
consist of (v , w') such thatpiy) = a{w') (i.e., V is the fiber product of p and a). Let p' : V — y W 
be the projection. Then, the kernel ofp' is identified with the kernel ofp via the surjective projection 
tt : V — y V. Further, there is a canonical isomorphism of the vector spaces Det(p) and Det(p') 
(defined below), which carries 6(p) to 9(p'). (Observe that V and W have the same dimension.) 
Hence, for any fiber diagram of irreducible smooth varieties: 

X' — X 

r — y, 

where f is a smooth morphism and X, Y are of the same dimension with tt a dominant morphism, 
we have the following identity between the ramification divisors: 

(7) HRW) = Rtf)- 

The isomorphism £ : Det(p) — » Det(p') is given by: 

f (0)(ei A ■ • • A e d A e d+1 A • ■ ■ A e„) = p'(ei) A • • ■ A p'(e d ) A 6(Tr(e d+1 ) A • • ■ A 7r(e„)), 

for any 9 £ Det(p) = Hom(A top V, A top W), where {ei,...,e n } is any basis of V such that 
{ei, . . . , e d } is a basis of Ker(7r) and 9 := o o 9 (a being any section of the map A n ~ d (W) — > 
A n ~ d (W) induced from a). It is easy to see that £ does not depend upon the choice of the basis and 
the section a. 

Let X be an irreducible smooth variety and Y±, . . . ,Y S irreducible smooth locally-closed subva- 
rieties of X. Assume that X has a transitive action by a connected linear algebraic group G and let 
Gi be algebraic subgroups which keep Yj, stable. Assume further that J2i=i codim(Yj) = dimX. 
Let 2)j = G x Gi Yi be the total space of the fiber bundle with fiber Kj associated to the principal 
Gj-bundle G — > G/Gi. Then, we have the morphism mi : 2)j — > X, [g,Ui] (->• gy h where [g,yi] 
denotes the equivalence class of (g, yi) £ G x Y; L . Since Yi is smooth and G acts transitively on 
X, by the G-equivariance, m, is a smooth morphism (cf. [H, Corollary 10.7, Chap. III]). Taking 
their Cartesian product, we get the smooth morphism m : 2)i x • • • x 2) s — » X s . Let ^ be the fiber 
product of m with the diagonal map 5 : X — > X s . We get a smooth morphism rh : ^ — y X by 
restricting m to ^. Hence, ^ is a smooth and irreducible variety (cf. the proof of Lemma 15^21) . We 
also have the morphism ix : y — > G jG\ x • • • x G/G s obtained coordinatewise from the canonical 
projections Hi : 2), — > G/Gi. For any g t £ G and £ F i? the map e w : G 4 I, 5 4 g^, 
induces the tangent map ^( gi , yi ) ■ T 9i (G) — > T giyi (X). Since ^ is c7j-stable, this map induces the 
map ^f( gi , yi ) : T gi (G/Gi) T gm (X)/T gm (giYi), where g { = g t Gi. Moreover, for any hi £ G { , 
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To see this, observe that the following diagram is commutative for any gi E G and hi £ Gi. 

T 9i {G) — T gihi {G) 



where ■ G — > G is the right multiplication by hi. Thus, ^( gi , yi ) depends only upon the equiv- 
alence class [<7i, e G x Gi Yi and we denote ^( gi , yi ) by ^[ gi , yi \. Since G acts transitively on X, 
ty[g im } is surjective. 

For any a = ([<7i, yi], • • . , [g s , Us}) £ X we have the following diagram (for x = m(o)): 
(9) T Q ^ T 5l (G/Gi) © • • ■ © T 5a (G/G.) 



Dm 



T X X ©j = i 



where ^ := giGi, the bottom horizontal map is the canonical projection in each factor, Dm is 
surjective since m is a smooth morphism and the right vertical map is the coordinatewise surjective 

Lemma 4.2. The above diagram is commutative. In fact, T a (y) is the fiber product ofT x (X) and 
Tg^G/Gi) © • • • ®Tg s {G/G s ) via the above diagram. 

Proof. Let F be the fiber product of T X (X) and T Sl (G/Gi) © • • • ®T Ss (G/G s ). It is easy to see that 
the above diagram is commutative. Moreover, since yi = g~ x x for any a = ([<7i, • • • , [g s , Vs\) £ 
y with m(a) = x, T a (y) is a subspace of the fiber product F. Further, 

s 

(10) dimy = dimX + ^(dim2)i-dimX) 

i=l 

s 

(11) = dimX + ^(dimG/G i + dimY i -dimX) 

i=i 

s 

(12) = dim X + ^(dimG/G- coding). 

i=i 

From this we see that dim F = dim T a (y) . This proves the lemma. □ 

5. Intersection of general translates of Schubert varieties 

We follow the notation from Section 2. For w 6 W p , let be the stabilizer of the Schubert 
variety X w inside G/P under the left multiplication of G on G/P. Then, clearly, Q w is a standard 
parabolic subgroup of G. Let 

. Q w w d X w ^ 
and let Z w denote the smooth locus of X w . Clearly 

X w ID Z w ID V^, Z) Gy; , 
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and each of Z W ,Y W , C w is an open subset of X w . 

Remark 5.1. It is instructive to look at the example of G/P = Gr(r, n). Let 

F. : C F x C F 2 C • • • C F n = C n 

be the standard flag in C n , and let I = {ii < ■ ■ ■ < i r } be a subset of {1, . . . , n} of cardinality r. 
Consider the (closed) Schubert variety f2/(F.) = {V G Gr(r, n) | dim V R > fc, /c = 1, . . . , r}. 
Let J = {i G / : i + 1 ^ /}. It is easy to see that = {1/ G Gr(r,n) | dim^ n F ik > 

k, \/i k G J}. So / \ J is "redundant" for the definition of the closed Schubert variety Qj(F.). 

It is easy to see that the stabilizer of the Schubert variety f2/(F.) is Qj := {g G SL(n) : gFj C 
Fj,Vj G J}. We may think of as the set of elements of SL(n) that preserve the parts of F. 
"essential" for the definition of the closed Schubert variety 

It may be remarked that if P is a minuscule or cominuscule maximal parabloic, then Z w = Y w 
(cf. [BP]). 

Fix a positive integer s > 1 and fix wi, . . . , w s G W p , so that 

(13) [X W1 ] • . . . • [X Ws ] = d[X e ] G H*(G/P), for somed > 0. 

There are four universal intersections that will be relevant here. Let 5 : G/P — >■ (G/P) s be the 
diagonal embedding. We denote its image by S(G/P) and identify it with G/P. For a locally- 
closed 5-subvariety A C G/P, let 21 := G x B A be the total space of the fiber bundle with 
fiber A associated to the principal 5-bundle G — > G/B. Then, there is a G-equivariant morphism 
mA '■ 21 — >- G/P defined by [g,x] >-)■ which is a smooth morphism if A is smooth. Now, 
consider the product 

T ■— T x • • • x T 

where X Wi = G x B X Wi , and similarly define 2J,3 ; ^ by replacing X w . with F^jZ^jG^ re- 
spectively. Let m x ■ X — > (G/P) s be the G-equivariant morphism m Xwi x • • ■ x mj % acting 
componentwise. We similarly define m Y , m z , m c . 

Finally, we define the (universal intersection) G-scheme X as the fiber product of 5 with nix- 
We similarly define the G-schemes y, Z, C by replacing mx with my, mz, mc respectively. Since 
5 is a closed embedding, X,y, Z,C are the scheme theoretic inverse images of 5(G/P) under 
mx,my, mz, mc respectively. Moreover, since my, mz, mc are smooth morphisms, y, Z, C are 
reduced closed subschemes of 2J, 3, £ respectively. 

It is easy to see that (due to the assumption ( fT3l ) 

(14) dim^ = s x dim(G/P). 
Observe that, set theoretically, 

X = {{ 9l B, . . .,g s B,x) G (G/B) s x G/P : z G n* = i <?AJ- 

There is a similar description for 2J, 3, 
The open embeddings 

Gttjj C Y Wj C -^uij C X Wi 
give rise to G-equivariant open embeddings: 

c cy c z c x, 

and is projective. 
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Lemma 5.2. (1) X is irreducible and so is y, Z and C. 

(2) Z is a smooth variety ( and hence so is y and C ). 

(3) The complement of Z in X is of codimension > 2. 

Proof. (1) It is easy to see that each fiber of mx w ■ %m — > G/P is irreducible. Thus, each fiber of 
mx ■ X — > (G/P) s is also irreducible. Now, take an irreducible component X\ of X such that X\ 
contains the full fiber of mx over the base point in 5 (G/P). Since X\ is G stable, X\ must contain 
the full fiber over any point in 5(G / P). Thus, X 1 = X, proving that X is irreducible. Since y, Z 
and C are open subsets of X, they must be irreducible too. 

(2) For the second part, observe that the canonical map Z — > 5(G/P) is a smooth morphism. 
Since G/P is smooth, we get the smoothness of Z. 

(3) Since the Schubert varieties X w are normal, the complement of Z w in X w is of codimension 
> 2 and is covered by Schubert cells. Thus, the complement of 3 in X is of codimension > 2. From 
this it is easy to see that the complement ofZ'mX is of codimension > 2. □ 

We have a natural C7-equivariant projection ix : X — > (G/B) s obtained coordinatewise from the 
projections X Wz — > G/B. As observed in the identity ([141) . the domain and the range of n have the 
same dimension. The following lemma follows from Lemma [4~2l 

Lemma 5.3. For any point a = ([gi, x±], . . . , [g s , x s ]) G Z, the derivative (Dir) a of it at a has 

Ker(Dn) a ~ nl =1 T x ( 9i Z Wi ), 

where x = g\X\ = ■ ■ ■ = g s x s . 

In particular, ir is regular at a if and only if the intersection r\ s i=1 giZ Wi in G/P is transverse at x. 

Using Kleiman's transversality theorem [BK, Proposition 3] and our assumption (fl"3~T) . the map 
tx\z : Z — > (G / B) s is generically finite. Let R be the ramification divisor for the map ix\z (equipped 
with the scheme structure described in Section 3). Under the assumption of the following corollary, 
the hypotheses of Proposition 13.11 are in place here and allow us to conclude the following: 

Corollary 5.4. Assume that d = 1 in equation (fT3l . Then, for every n > 1, 

(15) h (Z,O(nR)) = 1. 

Proof. By Lemma I5~2l all the hypotheses of Proposition 13.11 are satisfied except the hypothesis that 
ix\ z is birational, which we now prove. 

By [BK, Proposition 3], there exists a nonempty open subset U C (G/B) s such that for each 
x = (g\B, . . . , g s B) e U, the intersection fl| =1 giZ Wi is transverse at each point of the intersection 
and nf =1 g%Z Wi is dense in Df =1 giX Wi . Moreover, since d — 1 (by assumption), the intersection 
nf =1 giZ Wi consists of a single point. From this we see that (n\z)~ l (x) consists of exactly one 
point for each x E U and, moreover, by Lemma 1331 (7r| 2 )~ 1 (a:) C Z \ R. Thus, Tt\(m z )-i-(u) '■ 
(k\z)~ 1 (U) — » U is an isomorphism, proving that ix\ z is birational. Now applying Proposition I3.1[ 
we get the corollary. □ 

The aim now is to have equation (1T51) bear representation theoretic consequences. However, it is 
the space H°(y, 0(nR)) which has clear relations to invariant theory. 
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6. Connecting h°(y, 0{nR)) to invariant theory 

We first prove that y and R D y are obtained from a base change with connected fibers. To do 
this, define 

2)':= (Gx Qwi Y Wl )x-..x(Gx Qws Y Ws ). 

Similar to the map my, we define the map m' Y : 2)' — > (G/P) s obtained from the coordinatewise 
maps G Xq w Y w . — >• G/P, [g,x] !->■ #2;. Again, m y is a smooth morphism. Now, let y be the 
fiber product of m' Y with 5. Then, y is an irreducible smooth variety of the same dimension as 
that of (G/Q Wl ) x ■ ■ ■ x (G/Q Ws ) (by virtue of the same proof given in the last section for the 
corresponding results for y). Similar to the map iz\y : y — > (G/B) s , we have the map 

K , .y'^(G/Q Wl )x---x(G/Q Ws ). 

It is easy to see that the following diagram is Cartesian: 

y -y 

7T tt' 

(G/BY (G/Q W1 ) x • • • x (G/Q Ws ), 

where the two horizontal maps are the canonical projections. (To prove this, observe that the above 
diagram is clearly Cartesian with 3^, y in the above diagram replaced by 2), 2)' respectively.) 

Since ir is a dominant morphism, so is n' . Thus, by Lemma |4~T1 the ramification divisor S := 
R H y of n\y is the pull-back of the ramification divisor R' of n'. In particular, the line bundle 

G(nR)\y = 0{nS). 

We therefore conclude that under the G-equivariant pull-back map, 

Lemma 6.1. For any n e Z, H°(y, 0{nR)\ y ) ~ i/°(y, 0(ntf)), as G-modules. 

Define the P-variety (under the diagonal action of P): 

v = {P/(w^Q WlWl n p)) x • • ■ x (p/k^q^ n P)), 

and define the G-equivariant morphism of G- varieties: 

: G x P V ->■ y, [g-, (pi, . . . i ^ ([otiw^ 1 ,^!], . . . , [g-p^J 1 ,^]), 

where ^ = p^w^Q^Wi n P). 

It is easy to see that it is bijective. Since y is smooth and irreducible, is an isomorphism by 
[K, Theorem A. 11]. 

For any w E W p , it is easy to see that the Borel R>l of the Levi subgroup L of P is contained in 
w^ 1 Q w w fl L (in fact, it is contained in w^Bw by equation <(4])). 

For any A E X{H), we have a P-equivariant line bundle £p(A) on P/ B L associated to the 
principal P^-bundle P P/ B L via the one dimensional P L -module A -1 . (As observed in Section 
2, any A E X(H) extends uniquely to a character of B L .) The twist in the definition of £(A) is 
introduced so that the dominant characters correspond to the dominant line bundles. 

For w E W p , define the character Xw £ K by 

Xw= P- 

f3£(R+\R+)nw- 1 R+ 
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Then, from [K, 1.3.22.3] and equation (@]), 

(16) Xw = P - 2p L + w~V, 

where p (resp. p L ) is half the sum of roots in R + (resp. in Ftf). It is easy to see that Xw extends as 
a character of w^QwW n P. 

Proposition 6.2. Assume that the s-tuple (w\, . . . , io s ) satisfying the condition (PT31) Levi-movable. 
Then, for any n > 1, 

tf°Cy, ~ [VL(n( Xu)1 - Xi))* ® Vi(nx^ 2 )* <8) • • • ® V L (n Xws y] L , 

where Vl(x) is ^ e irreducible L-module with highest weight x- ( Observe that for w G W p , Xw is 
a L-dominant weight and so is Xw — Xi-) 

Proof. Applying Lemma |4~21 to the case when X = G/P,Yi = Y Wi ,Gi = Q Wi , and using the 
isomorphism : G x P V — > y as above, we get the following Cartesian diagram (for any g G G 
and p = (p 1? • • • , ps) G V): 

T [9 , P] (G x P P)^ ^ (G/Q Wi ) 



T gP {G/P) 



s T gP (G/P) 



where the top horizontal map is induced from the G-equivariant composite map ix' o cp : G x P V — > 
Q* =1 (G '/ 'Qwi) an d the bottom horizontal map is the canonical projection in each factor. Thus, by 
Lemma |4~T1 the ramification divisor 4>~ l (R') is the same as the ramification divisor associated to 
the bundle map (between the vector bundles of the same rank over the base space G x P V): 

s 

Gx P (VxT p )^Q)G x P (P x {w - lQwiWinP) (T p /T p )), 

i=l 

where T p is the tangent space T<,(G / P),T P is the tangent space Te(A w ),P acts diagonally on 
V x T p and the map in the i-th factor is induced from the composite map 

V x T p {P/{w^Q WiWl nP))xT p ^P x K -i MnP) T P ^P x ( . rVnP) (T p /T p ). 

Thus, by [BK, Lemma 6 and the discussion following it] and Lemma |4~Tl the line bundle corre- 
sponding to the divisor <\T X (B!) is C7-equivariantly isomorphic to the line bundle G x P Ai over the 
base space G x P V, where 

M = C P ( Xwi - Xi) B £p(x W2 ) C P ( Xw3 ). 

Observe that, for any w G W p , the line bundle C P (x w ), though defined on P/B L , descends to a 
line bundle on Pj (w~ l Q w w PI P) since the character Xw extends to a character of w~ l Q w w PI P. 
Thus, 

H°(Y, 0(nR)\ Y ) G ~ H°(Y', 0(nR')) G by LemmalO 
~ H°(G x P V,Gx P M® n ) G 
~ H°{V,M® n ) p 
~ #°(£,.M^ n ) L , 
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where 

£ := (L/(w^Q Wl wi fl L)) x • • • x {L^w^Q^w, n L)) 

and the last isomorphism follows from [BK, Theorem 15 and Remark 31(a)]. 

Thus, the proposition follows from the Borel-Weil theorem. □ 

7. Study of codimension one cells in the Schubert varieties 

We continue to follow the notation and assumptions from Section 2. The following lemma can 
be found in [BP, §2.6]. However, we include its proof for completeness. 

Lemma 7.1. For any w G W p , the stabilizer Q w of X w satisfies 

(17) A(Q W ) = A w , 

where A w := A D w(Rf U R~) and R~ is the set of negative roots ofQ. 
Thus, 

(18) A(Q W ) = An (wwf)R-, 

where w p is the longest element of the Weyl group Wl of L. ( Observe that ww p is the longest 
element w in the coset wWl-) 

Proof We first prove equation (fl7l) . Observe that 



= w(RiU(R-\RI 



w 



Thus, 

A w = Anw (r,i u (R~\R^ 

(19) = An wR~, since w(Rf) C R~. 

Take G A w = A fl wR~. Then, 

Si BwP/P C (BwP/P) U (BsiiuP/P) 
= (BwP/P) U (BsiwP/P). 

But SiW < w since (w) -1 a, G J?~ . Hence, 

This proves the inclusion A(Q W ) D A w = A fl u>i?~. 

Conversely, take G A(<2«,), i.e., SjX^, C X„,. Thus, Sjiy < w and hence w~ l ai G This 
proves the inclusion A(Q W ) C A w and hence equation ( fTTT ) is proved. The equation (fT8b follows 
by combining equations ( fT71) and (fT9l) . □ 

Proposition 7.2. Lef v A w E W p (i.e., v,w G VK P , [3 <E R + such that w = spv and £(w) = 
£(v) + 1). Then, the (codimension one) cell C v of X w is contained in Q w wP/P if and only if 
G A w . 

In particular, (3 is a simple root in this case. 
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Proof. We first prove the implication '<=': If (3 E A w , then (3 E A(Q W ), by Lemma 1711 Thus, 
v = spwP E Q w wP/P. 

Conversely, we prove the implication '=>': Assume, if possible, that v E Q w wP/P but /3 £ A w . 
We first show that X v is stable under Q w (assuming (3 £ A w ). By Lemma [77TI it suffices to show 
that for any aij E A w = A n wR~, we have aj E A v . Since w^aij E R~, we get SjW < w. Take 

a reduced decomposition w = sjs^ ■ ■ ■ s id . Since v A w, then so is v A w. Hence, there exists a 
(unique) 1 < p < d such that v = SjS^ ■ ■ ■ §i p ■ ■ ■ s id and, of course, it is a reduced decomposition. 
(Here we have used the assumption that (3 A w .) 

Thus, SjV < v, i.e., v~ l o>j E R~ and hence otj E A v . This proves the assertion that X v is stable 
under Q w . 

By assumption, v E Q w wP/P, i.e., v = qw for some q E Q w . Thus, q~ l v = w and hence 
w E Q W X V = X v , which is a contradiction. This contradiction shows that (3 E A w and hence 
completes the proof of the proposition. □ 

For w E W p , it is easy to see that the tangent space, as an //-module (induced from the left 
multiplication of H on X w ), is given by: 

(20) T^{X W )~ 07 , 

where g 7 is the root space of g corresponding to the root 7. Hence, 

(21) T,{w- l X w ) ~ 07 . 

■y£R-r\w~ 1 R+ 

The following lemma determines the tangent space along codimension one cells. 
Lemma 7.3. For v A- w E W p , the tangent space, as an H -module, is given by: 



Thus, as an H -module, 

TJv-'X,, 



T<,(X W )~( 07 J00_ /3 . 

\y€R+nvR- / 

'.-nv- 1 R+ / 



( Observe that v is a smooth point of X w since X w is normal; in particular, its singular locus is 
of codimension at least two.) 

Proof. Since v E X v C X w , by (|20l ), 

(22) 07 cT„(l m ). 

■yGR+nvR- 

For any root a E R, let U a := Exp(g Q ) C G be the corresponding 1 -dimensional unipotent 
group. Then, 

UpU-pw = UpwU_ w -ipe = Upw C X w (since w^fi E R~). 



Hence, UpHU-pw C X w . But, from the SL (2) -theory, UpHU^p D U^pSpH. In particular, 

U^pSpHw C X w , i.e., U-pv C X w . 
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This proves that 

(23) g_ p c Ty(X w ). 

Combining (I22l)-(l23l. we get 

( 7 )©^CW 

■y£R+r\vR- 

But, both the sides are of the same dimension £(v) + 1, proving the lemma. □ 

As above, let P be any standard parabolic subgroup of G and let xp G h' = h fl [g, g] be the 
element defined by 

cti(xp) = 0, for all the simple roots oti G A(P) 

= 1, for all the simple roots oti ^ A(P). 

Then, xp is in the center of the Lie algebra t. 

Set m = 9(xp), where 9 is the highest root of g. (Observe that m < 2 for any maximal 
parabolic subgroup P of a classical group G.) Define a decomposition of Te(G/P) as a direct sum 
of L-submodules as follows. First decompose Te(G/P) as a direct sum of if-eigenspaces (induced 
from the canonical action of H on G/P): 

UG/P)= T e (G/P)^. 

P£R+\R+ 

For any 1 < j < m , define 

I3£R+\R+: 

Clearly, each Vj is a L-submodule of Te(G/P) and we have the decomposition (as L-modules) 

T,{G/P) = Q)V r 

Define an increasing filtration of Te(G/P) by P-submodules given by 

Ji c T 2 c J- 3 c • • ■ c T mo = T & (G/P), 

where 

d 

3=1 

For any sub variety Z C G/P such that e is a smooth point of Z, define 

V 3 (Z):=V,nT,(Z). 
Also, we get the increasing filtration TjiZ) of Te(Z) given by 

^■(Z):=^flT 4 (Z). 

We set, for 1 < j < m , 

dj(Z) = dimension of Vj(Z). 
(Observe that d (Z) = since T & (Z) C T^G/P) ~ © Qei?ni?+ 0- a -) 
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Let i{L) be the center of L. If Z, as above, is 3(L)-stable, we get the decomposition (as }{L)- 
modules) 

Uz) = ($v 3 {z). 

0=1 

Theorem 7.4. For any u4to in W p such that v is not in the Q w -orbit ofw, there exists 1 < j < m 
such that 

(24) djiw^Xn) ^ djly^X*,). 

Proof. Let us set a := v ~ l (3 G R + . For any 1 < j < m a , we get (by Lemma 1731 and equation (I2TI) 
applied to v) 

(25) djiv^Xy,) = dj(v~ l X v ) + S j<a{xp) . 

By the equation (l2~TT) . the roots in T^w^Xw) are precisely i?~ fl w" 1 ^ {i.e., T^w^Xw) ~ 
© 7 e J R-n«j- 1 J R+ St) - Set 

:= i? + nw _1 ir. 

Then, as is well known, 

S = p-w~ 1 p, 

where p is half the sum of all the positive roots. 

Thus (abbreviating dj(w~ 1 X w ) by dj and dj(v~ 1 X v ) by dj), 

(26) (p — w~ l p)(xp) = di + 2d 2 H h m d mo . 

Similarly, 

(27) (p - iTV)(:cp) = di + 24 + • • • + m d' mo . 
Of course, 

(28) d 1 + d 2 + --- + d mo =£(w), 
and 

(29) < + 4 + • • • + d' mo = = tf(iu) - I. 
Now, 

(p - iu -1 p)(z P ) - (p - w"V)(^p) = - w~ 1 p)(x P ) 

= (v~ p — ~ 1 p)(xp), since u> = uSq, 
= (v _1 p, a v ) a(xp) 
= (p, (va) v ) a(x P ) 

(30) = (p,/3 v )a(x P ). 



16 PRAKASH BELKALE, SHRAWAN KUMAR, AND NICOLAS RESSAYRE 

On the other hand, by (I26h-d29l). 

(p - w~ 1 p){x P ) - (p - v~ 1 p){x P ) 

= (di - d\) + 2(d 2 -d' 2 )-\ h m (d mo - d' mo ) 

(31) = 1 + (d 2 - 4) + 2(d 3 - 4) + • ■ ■ + (m - l)(d mo - d' mo ). 
Combining d30T)-(l3Tb. we get 

(32) 1 + (d 2 - d' 2 ) + 2(d 3 - 4) + • • ■ + (m - l)(d mo - d' mo ) = (p, /3 V > a(x P ). 
If (1241) were false, we would get 

dj = djiv^Xw), for all 1 < j < m , 
i.e., by the identity (|25l) , we would get 

dj = d'j for all j ^ a(x P ) and c^^) = 4(x P ) + 1- 
Combining this with the identity (l32l) . we would get 

1 + «(ip) - 1 = (p, /3 V ) a(xp), i.e., 

(33) a(xp) = (p, /3 V ) a(xp). 

But, by the definition of f3, it is easy to see that if /3 were a simple root, then (3 E A w . Since, 
by assumption, v is not in the Q w -orbit of w, this contradicts Proposition 17.21 Hence, (3 is not a 
simple root and this contradicts the identity (|33l) . (Observe that a{x P ) ^ 0, since v,w e VT P and 
u> = ws a .) This contradiction arose because we assumed that (1241) is false. This proves (1241) and 
hence the theorem is proved. □ 

8. Main theorem and its proof 

We follow the notation and assumptions from Section 5. In particular, let w±, . . . , w s G W p be 
such that identity (TT3T) is satisfied for some d > 0. We assume further that the s-tuple (wi, . . . , w s ) 
is Levi-movable. This will be our assumption through this section. 

Proposition 8.1. Under the above assumption, there exists a closed subset A of Z such that 

(34) Z \ y C R U A, codim(A, Z) > 2. 

Proof. Let Z° := Z \ R. It suffices to show that for U\,...,u s G W p such that Mj = Wi for all 

i i Q and ti io — > w io for some 1 < i Q < s and ii io Y Wio , 

Z°n(£ Ul x---x£ Us )=®. 

Since the s-tuple (wi, . . . , w s ) is Levi-movable, there exist lx,...,l s G L such that the standard 
quotient map 

s 

Te(G/P) T,(G/P)/T,(hA m ) 
i=i 

is an isomorphism. Hence, the eigenspaces corresponding to any eigenvalue 1 < j < m under the 
action of xp also are isomorphic, i.e., 

s 

V j (G/P)^q)V j (G/P)/V j (l i A Wi ), 

i=l 
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where Vj is as in Section 7. (Here we have used the fact that kA Wi is 3(L)-stable.) In particular, 
since the filtration Tj of T$(G/P) is P-stable, for any pi, . . . ,p s G P, 

s s 

(35) dim Tj = ^(dim Tj - dim^^A^)) = ^(dim Tj - dim^^A^)). 

i=l i=l 

If nonempty, take a = . . ., [flf a ,arj) G Z°n(£ Ul x ■ ■ • x £ Us ), for g { G Gandx; G C«.. In 

particular, = ■ • ■ = g s x s . Let us denote this common element by gP. From the G-equivariance, 
we can assume that g = e. By Lemma [331 the quotient map 

s 

T e (G/P) T,(G/P)/T,( Pi u^Z Wi ) 

i=l 

is an isomorphism, where G P is any element chosen such that G piU~[ l B. In particular, for 
any j, the quotient map 

i=l 

is injective. Thus, for any j, 

(36) dim J 1 } < ^(dimJ} — dim(J r :7 (pjU J ~ 1 Z u ,J) = ^(dimJ} — dim(J r J (n^ 1 Z w J). 

i=l i=l 

Considering the image of T k {g~ l Z w ) in T k (G / P) / 'Tj, for gP G Z w , it is easy to see that, for any 
u,w G jy p such that u G and any j, we have 

(37) dim Fj(w~ Z w ) < dim J^u" 1 ^). 
Now, let j be an integer such that 

(38) dim J} o (io^ 1 Z w .) 7^ dim J^O" 1 ^) fori = i . 

This is possible by virtue of Theorem 17.41 This contradicts the inequality d36l) for j = j a (by 
using (1331 ), <r3"7l)-<r3~8l)). Hence the proposition is proved. □ 

Recall the definition of the deformed product O in the singular cohomology H*(G/P, Z) from 
[BK, Definition 18]. We now come to our main theorem. 

Theorem 8.2. Let G be any connected reductive group and let P be any standard parabolic sub- 
group. Then, for any W\ , . . . , w s G W p such that 

[X W1 ] 0o ■ ■ • ©0 [X Ws ] = [X e ] G H*(G/P), 

we have (for any n > 1) 

(39) dimHom L (Vi(nxi), V L (n Xm ) ® • ■ ■ <g> V L (n Xws )) = 1, 

where Xw is defined by identity (fT6l) . Equivalently, we have (for the commutator subgroup L ss : = 
[L,L]): 

(40) dim([V L (n Xwi ) ® - • ■ ® V L {nx v> .)] L ") = 1, Vn > 1. 
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Proof. By [BK, Theorem 15 and Proposition 17], the s-tuple (w\, . . . ,w s ) is L-movable. Hence, 
by Proposition |6]2l we have 

H°(y, 0{nR)\ y f ~ [V L (n( Xm ~ Xi)Y ® V L (n Xw2 )* <8> • • ■ <8> V L (7 %1 ,J*] L 
Moreover, by Proposition [8J3 

F (^,O(riii;)|y) if (.£,£> (m(n)#)), for some m{n) > 0. 
Finally, by Corollary 15 .4[ for any m > 1, 

h {Z,O{mR)) = 1. 
But, since the constants belong to H°(y, 0(nR)\y), we have 

dim(^ (y,O(ni2)|37) G ) > 1. 
This proves the identity (|39| ) since (%i being a trivial character on the maximal torus of L ss ) 

[V L (n(x Wl -Xi)y®V L (nx W2 y®---®V L (n Xws y] L ^ Uom L (V L (n Xl ) , V L (n XvJl )®- ■ -®V L (n Xws )). 
The equivalence of <[39l with (|40l) follows from [BK, Theorem 15]. □ 

Example 8.3. (1) The converse to the above theorem is false in general. For example, consider 
G = Sp(2f), G/P the Lagrangian Grassmannian LG(£,2£). It is cominuscule, so the structure 
constants for the singular cohomology and the deformed cohomology O are the same. The cells in 
LG(£, 2£) are parametrized by the strict partitions a : [a\ > a 2 > ■ ■ ■ > a r > 0) and a\ < £, r < £ 
(cf. [FP, Page 29]). 

The corresponding Levi subgroup is GL(£), so the Fulton conjecture (Theorem ll.il) holds. Now, 
take t = 3 and consider the cells in LG(3, 6) corresponding to the strict partitions (1), (2 > 1), (2). 
The corresponding intersection number is 2. The corresponding representations of the Levi sub- 
group have Young diagrams (2 > > 0), (3 > 3 > 0) and (3 > 1 > 0) respectively. Hence, the 
dimension of the invariant subspace for the corresponding tensor product of the Levi is 1. 

(2) In the above example, the intersection number is strictly larger than the dimension of the 
invariant subspace for the corresponding tensor product. We also have examples where the in- 
tersection number is strictly smaller than the dimension of the invariant subspace for the cor- 
responding tensor product. Take, for G/P the Lagrangian Grassmannian LG(5, 10) and con- 
sider the cells corresponding to the strict partitions (3 > 1), (3 > 2), (4 > 2). The intersec- 
tion number is 4. The corresponding representations of the Levi subgroup have Young diagrams 
(4 > 3 > 1 > > 0), (4 > 4 > 2 > > 0) and (5 > 4 > 2 > 1 > 0) respectively. Hence, the 
dimension of the invariant subspace for the corresponding tensor product of the Levi is 5. 

(3) Following the convention in [Bo], for L of type G 2 , \V(6ui) ® V(Qu 2 ) <8> V(7u 2 )} L = 1, and 
[^(12wi) <g> V(12u) 2 ) ® V(Uu 2 )} L = 2. Similarly, [^(6wi) <g> V{6u 2 ) <g> 1/(10^ + u 2 )} L = 1 and 
[V(12ui) <g) V(12u 2 ) ® V(20ui + 2uj 2 )} l = 3, where {uji, oj 2 } are the fundamental weights. Thus, 
the direct generalization of the Fulton's conjecture is false for general semisimple L. 

(4) There are examples of w±, w 2 , W3 £ W p such that 

(41) [X W1 ] ■ [X W2 ] ■ [X W3 ] = [X e ] e H*(G/P), 

but (l40l) is false. Take, for example, G = Sp(6) and P to be the maximal parabolic with A \ 
A(P) = {a 2 } (following the convention in [Bo]). Now, take w\ = w 2 = sis 3 s 2 siS3S 2 , w 3 = s 3 s 2 . 
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Then, (|4TI) is satisfied (cf. [KLM, Theorem 4.6]). In this case, restricted to the Cartan of L ss , we 
have = Xw 2 = Wi + u 3 , Xw :i = 3wi + u 3 . Thus, for any n > 1, 

/ r "i L ss \ 

dim([V L (nx Wl ) ® Vt(nx«a) ® V^nx^jJ ) = °- 

Remark 8.4. (1) If we specialize Theorem 18.21 to G = GL(m) and P any maximal parabolic 
subgroup, then (as explained in the introduction) we readily obtain a proof of Fulton's conjecture 
proved by Knutson-Tao-Woodward [KTW] (Belkale [B 2 ] and Ressayre [R 2 ] gave other geometric 
proofs) asserting the following: 

Let Vl(Ai), . . . , Vl(X s ) be finite dimensional irreducible representations of L = GL(r) with 
highest weights Ai, . . . , A s respectively. Assume that I Vl{\\)® - ■ -®Vl(A s )J is one dimensional. 

Then, for any n > 1, [ViinXi) • • ■ <8> Vi,(nA s )J again is one dimensional. 

In fact, since any maximal parabolic subgroup in GL(m) is cominuscule, by a result of Brion- 
Polo [BP], we have Z = y. Hence, Proposition [8J] and the results from Section 7 are not needed 
in this case. 

(2) We now specialize Theorem O to G = Sp(2£) and G/P = LG(£,2£) the Lagrangian 
Grassmannian. Under the assumption that some structure coefficient of (H*(LG(£, 2£)), O ) in the 
Schubert basis is equal to one, the conclusion of the theorem is that some Littlewood-Richardson 



coefficient is equal to one. In BR3I , it is shown that this assumption is fulfilled if and only if some 
Littlewood-Richardson coefficient is equal to one. Hence by combining Theorem 18 .21 and [(R3J, we 
obtain the following result on Littlewwod-Richardson coefficients. 

Let A, [i and v be three partitions. We assume that the Young diagrams of A, /1 and v are con- 
tained in the square of size t and are symmetric relative to the diagonal. Then, for the Littlewood- 
Richardson coeffcients for GL(£), 

c \,ti = 1 =^ c \',ti' = 1' 

where A' and // are obtained from A and /i by adding one to some initial parts (for the details, see 
[R 3 ]), and v' is defined by dualizing the rule. 
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